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Let G be a ﬁnite p-solvable group and N be a normal subgroup
of G . Suppose that the p-regular elements of N have exactly two
G-conjugacy class sizes. In this paper it is shown that, if H is a
p-complement of N , then either H is abelian or H is a product of
a q-group for some prime q = p and a central subgroup of G .
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1. Introduction
It was shown by N. Itô in [7] that ﬁnite groups having just two conjugacy class sizes must be
nilpotent. In [3], Beltrán and Felipe extended this theorem for p-regular conjugacy class sizes of p-
solvable groups and in [2] it is proved that the p-solvability condition is indeed unnecessary. Recently
in [5], Guo et al. proved that if N is a p-solvable normal subgroup of a ﬁnite group G , such that
N contains a Sylow r-subgroup R of G , for r = p, and all p-regular elements of N have exactly two
G-conjugacy class sizes, then N has a nilpotent p-complement. As the main result we prove the
following theorem:
Theorem A. Let N be a normal subgroup of a ﬁnite p-solvable group G and suppose that the G-conjugacy
class size of any p-regular element in N is 1 or m, for some integer m. Then N has nilpotent p-complements.
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prime q = p and a central subgroup of G.
In order to show the nilpotency of the p-complements of N , we use the classiﬁcation of ﬁnite
nonabelian simple CP-groups, that is, groups with every element of prime power order, which have
been recently obtained by H. Heineken in [6].
Throughout this paper all groups are ﬁnite. If x is any element of a group G , we denote by xG the
conjugacy class of x in G and |xG | is called the index or the class size of x in G . Denote by Gp′ the
set of p-regular elements of G . All further unexplained notation is standard.
2. Proofs
Theorem 1. Let N be a normal subgroup of a group G such that the G-conjugacy class size of every p-regular
element of N is 1 or m, for some integer m. Then either N has abelian p-complements or all p-regular elements
of N/(N ∩ Z(G)) have prime power order.
Proof. Let G = G/(Z(G) ∩ N) and we use bars to work in this quotient group. Suppose that there
exists g ∈ Np′ \ Z(G) such that o(g) is not a prime power. So there exist at least two distinct primes
r, q such that the r-part and the q-part of g , say gr and gq , respectively, are noncentral. Therefore
CG(g)  CG(gr) and using the hypothesis of the theorem we have CG(g) = CG(gr). With a similar
argument we deduce that CG(g) = CG(gr) = CG(gq). We continue the proof by the following steps.
Step 1. Let x ∈ Np′ be a noncentral element. Then CN (x) has nilpotent p-complements. In particular,
if CN (g)p′ denotes the p-complement of CN (g) then CN (g)p′  Z(CG(g)).
We can write x = x1 · · · xm , where the order of each xi is a power of a prime distinct from p and xi
commutes pairwise. Since x is noncentral, it follows that there exists i ∈ {1, . . . ,m} such that xi /∈ Z(G).
Using the hypothesis we have CG(x) = CG(xi). Hence without loss of generality we may assume that x
is an s-element, for some prime s = p. Let t be a prime divisor of |CN (x)|, such that t is distinct from
p and s (indeed in other case the result follows). Take T a Sylow t-subgroup of CN (x). If y ∈ T , then
CG(xy) = CG(x) ∩ CG(y) CG(x). By the hypothesis we get that CG(x) = CG(xy) CG(y), whence T 
Z(CG(x)). So CN (x) = P S × A, for some P ∈ Sylp(CN (x)), S ∈ Syls(CN (x)) and A  Z(CG(x)). Therefore,
S × A is a nilpotent p-complement of CN (x).
Using the above argument, we have CN (g) = CN (gq) = P Q × A, for some P ∈ Sylp(CN (g)),
Q ∈ Sylq(CN (g)) and A  Z(CG(g)). On the other hand, CN (g) = CN (gr) = P R × A′ , for some P ∈
Sylp(CN (g)), R ∈ Sylr(CN (g)) and A′  Z(CG (g)), which implies that the p-complement of CN (g), that
is, CN (g)p′ , satisﬁes CN (g)p′  Z(CG(g)), as required.
Step 2. If z ∈ Np′ \ Z(G) such that CG (g) = CG (z), then (CN (g)∩ CN (z))p′ = (Z(G) ∩ N)p′ . Furthermore,
either the p-complements of N are abelian or Z(N)p′ = (Z(G) ∩ N)p′ .
Let z ∈ Np′ \Z(G) and CG(g) = CG(z). Assume that there exists a noncentral p′-element y ∈ CN (g)∩
CN (z). Then, by Step 1, we have y ∈ Z(CG(g)), which implies that CG (g) = CG(y), by our assumption.
So using Step 1 again, z ∈ Z(CG(g)), and consequently CG(z) = CG(g), which is a contradiction. Hence
(CN (g) ∩ CN (z))p′ = (Z(G) ∩ N)p′ .
Assume that CG(z) = CG(g) for every z ∈ Np′ \ Z(G). Then z ∈ Z(CG(g)) for all z ∈ Np′ \ Z(G), and
thus N has abelian p-complements. Otherwise, there exists some z ∈ Np′ \ Z(G) such that CG(g) =
CG(z), and then by the above discussion Z(N)p′  (CN (g) ∩ CN (z))p′ = (Z(G) ∩ N)p′ and so Z(N)p′ =
(Z(G) ∩ N)p′ .
In the following, we assume that N does not have any abelian p-complement. Therefore by the
above step, we may assume that Z(N)p′ = (Z(G) ∩ N)p′ .
Step 3. We have CG(g) = CG(g). In particular, CN (g) = CN (g).
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is a t-element of CG(gq), with t = q, then [y, gq] ∈ Z(G). If o(y) = k, then 1 = [yk, gq] = [y, gkq].
Then y ∈ CG(gkq) = CG (gq) = CG (g) and y ∈ CG (g). Consequently, |CG(gq)|t divides |CG(g)|t . Hence
we conclude that |CG(g)|t = |CG(g)|t , for each prime t = q. Arguing similarly for the prime r, we
obtain |CG(g)|t = |CG(g)|t , for every prime t = r. Therefore, |CG(g)| = |CG(g)| and CG(g) = CG (g). The
second assertion is an immediate consequence.
Step 4. gN ∩ CN (x) = ∅ for some x ∈ Np′ \ Z(G).
Suppose that for every x ∈ Np′ \ Z(G), there exists n ∈ N such that gn ∈ CN (x) and so gn ∈ CN (x).
Then x ∈ CN (gn). By Step 1, we have x ∈ Z(CG(gn)) and hence CG(gn)  CG (x), which implies that
CG (gn) = CG(x). Thus,
∣∣xN
∣∣ = ∣∣N : CN
(
gn
)∣∣ = ∣∣N : CN(g)
∣∣, for every x ∈ Np′ \ Z(G),
that is, N has exactly two class sizes of p-regular elements. We can apply the main result of [2], which
asserts that either N has abelian p-complements, or N = P Q × A, where P ∈ Sylp(N), Q ∈ Sylq(N)
and A  Z(N)p′ . Thus,
N ∼= P Q
P Q ∩ Z(G) ,
which is a contradiction, since 1 = gr ∈ N . So there exists x ∈ Np′ \ Z(G), such that gN ∩ CN (x) = ∅.
Step 5. Conclusion.
By Step 1, we know that CN (x) has p-complements, whence CN (x) has p-complements too. Let
us consider a p-complement of CN (x), say H , and we claim that any nontrivial element of H acts
without ﬁxed points on gN . Otherwise there exists 1 = h ∈ H , such that h ∈ CN (gt) = CN (gt), for
some t ∈ N . So we get that h ∈ (CN (gt) ∩ CN (x))p′ . Now using Step 2, we conclude that CG(gt) =
CG (x), which is a contradiction by the above step. Therefore, the size of all orbits of H on gN is
equal to |H| = |CN (x)|p′ , which forces |CN (x)|p′ to divide |gN | = |N : CN (g)|. Consequently we get
that |CN (g)|p′ divides |N : CN (x)|p′ . Then |CN (g)|p′ divides |xN |, and it follows that |CN (g)|p′ divides
|xG | = |gG | = |gG |, by Step 3.
Furthermore, we claim that any nontrivial element of the p-complement of CN (g), that is, CN (g)p′ ,
operates without ﬁxed points on gG \ (gG ∩ CN (g)). Suppose for the contrary that there exists 1 =
z ∈ CN (g)p′ , with z ∈ CG(gt) = CG (gt), for some t ∈ G . Hence z ∈ (CN (gt) ∩ CN (g))p′ . Now by applying
Step 2, we get CG(gt) = CG(g) and so gt = gt ∈ CN (g) ∩ gG , as wanted. With a similar argument we
obtain that |CN (g)|p′ divides |gG |−|gG ∩CN (g)|. Now we conclude that |CN (g)|p′ divides |gG ∩CN (g)|,
which leads to a contradiction, since any element in gG ∩ CN (g) is a p′-element in CN (g) and hence
gG ∩CN (g) is properly contained by Step 1 in CN (g)p′ , the p-complement of CN (g). The result follows
from this contradiction. 
By using Theorem 1, we show that the main theorem of [5] can be proven in a shorter way as
follows:
Corollary 2. Let N be a normal p-solvable subgroup of a group G such that the G-conjugacy class size of every
p-regular element contained in N is 1 or m, for some integer m. Suppose that N contains a noncentral Sylow
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abelian or H = Rg × Z with g ∈ G and Z central in G.
Proof. Let H be a p-complement of N . By Theorem 1, H is abelian or H/(H ∩ Z(G)) is a CP-group.
Assume that H/(H ∩ Z(G)) is a CP-group.
If H/(H ∩ Z(G)) is an r-group for some prime r then the result follows. So we will assume that
there is a noncentral {p, r}′-element x in N and will provide a contradiction. Let R0 be a Sylow
r-subgroup of CN (x). Then R0  Z(G), since otherwise there exists a noncentral r-element y ∈ R0,
which implies that xy(H ∩ Z(G)) has composite order in H/(H ∩ Z(G)), that is a contradiction. So
there exists a noncentral r-element y ∈ N \ R0, since R is noncentral. Therefore, R0 < 〈R0, y〉  R1,
where R1 is some Sylow r-subgroup of CN (y). Since |CG(x)| = |CG(y)|, and N contains all Sylow r-
subgroups of G , we conclude that |R0| = |CN (x)|r = |CN (y)|r = |R1|, which implies that R0 = R1 and
y ∈ R0, a contradiction. 
Corollary 3. Let N be a normal subgroup of a group G such that the G-conjugacy class size of every p-regular
element contained in N is 1 orm, for some integerm. If H is a p-complement of N, then H/Z(H) is a CP-group.
Proof. It is concluded by Theorem 1. 
We will use the following preliminary results to prove the nilpotency of the p-complements of N
in the main theorem.
Lemma 4. Let P × Q be the direct product of a p-group P and a p′-group Q and suppose that P × Q acts on
a p-group G. If CG(P ) ⊆ CG (Q ), then Q acts trivially on G.
Proof. This is Thompson’s P × Q -Lemma. See for instance 8.2.8 of [8]. 
Theorem 5. If G is a ﬁnite nonabelian simple CP-group, then G is isomorphic to one of the following groups:
L2(q), for q = 5,7,8,9,17, L3(4), Sz(8) or Sz(32).
Proof. This is Proposition 3 of [6]. 
Theorem 6. Let N be a normal subgroup of a ﬁnite p-solvable group G and suppose that the G-conjugacy class
size of any p-regular element in N is 1 or m, for some integer m. Then N has nilpotent p-complements.
Proof. We argue by minimal counterexample. Let N be a normal subgroup of G of minimal order
which satisﬁes the hypotheses and does not possess any nilpotent p-complement. Let H be a p-
complement of N . By Theorem 1, we know that either H is abelian or H/(H ∩Z(G)) is a CP-group. So
in our case, H/(H ∩ Z(G)) must be a CP-group.
The hypotheses are certainly inherited by characteristic subgroups of N , so by minimal counterex-
ample every proper characteristic subgroup L of N has nilpotent p-complements. Denote by K a
maximal characteristic subgroup of N , such that Z(G) ∩ N  K . This implies that N/K is characteris-
tically simple, whence N/K ∼= S1 × · · · × Sn , where Si is a simple group for every i ∈ {1, . . . ,n}, and
all of them are isomorphic. Since Si is a p-solvable simple group, it follows that Si is a p′-group or a
p-group for every i ∈ {1, . . . ,n}. If Si is a p-group for every i ∈ {1, . . . ,n}, then H  K , and hence H
is nilpotent by minimal counterexample, we get a contradiction. Thus we may assume that Si is a p′-
group for every i ∈ {1, . . . ,n}, and consequently, N/K is a p′-group. Notice that then N = K H . On the
other hand, since quotients of CP-groups are also CP-groups, it follows that N/K ∼= HK/K ∼= H/(H∩K )
is a CP-group, whence N/K is either a nonabelian simple CP-group or an elementary abelian group.
Now, we claim that F (H) = Z(H). Let q be a prime dividing N distinct from p and let x be a
noncentral {p,q}′-element of N . Note that such an element exists, since otherwise H is nilpotent. We
are going to prove that there exists t ∈ N such that x ∈ CN (Oq(H)t). Take H1 a p-complement of G
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t ∈ N such that H1 ∩ N = Ht . Let Q ∈ Sylq(CG (x)) and Q ⊆ H1. We consider the action of Q × 〈x〉 on
Q 0 = Oq(Ht) = Oq(H1 ∩N). Therefore CQ 0(Q ) ⊆ CQ 0(x). In fact, if z ∈ CQ 0(Q ) is noncentral in G , then〈Q , z〉 CG(z) < G . However, by hypothesis |CG(z)|q = |CG(x)|q = |Q |, so in particular, z ∈ Q ∩ Q 0 ⊆
CQ 0(x). We can apply Lemma 4, and get x ∈ CN (Oq(Ht)). Hence we conclude that Oq(Ht) CN (x). If
there exists y ∈ Oq(Ht) \ Z(G), then H/(H ∩ Z(G)) possesses an element of composite order, which
is a contradiction, whence Oq(Ht)  Z(G). So F (H)  Z(H), which implies that F (H) = Z(H), as we
claimed.
We come back to the two possibilities for H/(H∩K ) obtained above. If H/(H∩K ) is an elementary
abelian group, then as H ∩ K  F (H) = Z(H), we have that H is nilpotent, a contradiction. Therefore,
from now on N/K ∼= H/(H ∩ K ) will be a nonabelian simple CP-group. It follows that H ∩ K = F (H) =
Z(H), and hence H = H/Z(H) is a simple CP-group. Suppose that N ′ < N . By minimal counterexample
we get that N ′ ∩ H is nilpotent, and so N ′ is the product of a p-group and a nilpotent group, which
implies that it is solvable. Thus N is solvable, and by the fact that F (H) = Z(H) we get that H is
abelian, which is a contradiction by our assumption. Therefore N ′ = N . Now we claim that Z(H) =
H∩Z(G). Otherwise there exists z ∈ Z(H)\Z(G), and so z(H∩Z(G)) ∈ Z(H/(H∩Z(G))). However, since
H/(H ∩ Z(G)) is a CP-group and H is not nilpotent, we have Z(H/(H ∩ Z(G))) = 1, a contradiction.
Hence H ∩ K = Z(H) = Z(G) ∩ H , which implies that K = P × Z(H), with P a p-group. So P  N , and
we have H ∼= N/P . Now we can easily see that H ′ = H , whence H is a quasi-simple group.
Let x ∈ N be a noncentral q-element for some prime q = p. We are going to show that CN (x)r ⊆ K ,
for every r = q. Otherwise there exists an r-element y ∈ CN (x) \ K , and so the order of xyK must be a
composite number, which contradicts the fact that N/K is a CP-group. Therefore, R  K , for any Sylow
r-subgroup R of CN (x) and we conclude that |H|r = |N : K |r divides |xN |r . Consequently, |H|q′ divides
m{p,q}′ . Arguing similarly with a noncentral t-element, where t /∈ {p,q} one can obtain that |H| di-
vides mp′ (notice that such a prime and such an element exist, since otherwise H would be nilpotent).
Let q be a prime divisor of the order of H and let Q be a Sylow q-subgroup of G , such that Q ∩ N
is a Sylow q-subgroup of H . Further, let x be an element of Q ∩N which is noncentral in G . Certainly,
there exists y ∈ G , such that CQ y (x) is a Sylow q-subgroup of CG(x). Hence mq = |G|q/|CG(x)|q =
|Q y|/|CQ y (x)|. On the other hand, there exists some z ∈ CG(x), such that CQ (x) CQ y (x)z = CQ yz (x).
Then, mq = |Q yz|/|CQ yz (x)| divides |xQ |. As Q ∩ H = Q ∩ N is a normal subgroup of Q , we can apply
the class equation to this subgroup and
|Q ∩ H| = ∣∣H ∩ Z(Q )∣∣ + kmq.
Since |H|q divides both |Q ∩ H| and mq , we conclude that |H|q divides |H ∩ Z(Q )|. Now we prove
that H ∩ Z(Q )  Z(G). Suppose that y ∈ H ∩ Z(Q ) is a noncentral element. Therefore, Q  CG(y),
which implies that mq = 1, a contradiction. We conclude that |H| divides |Z(H)|. Recall that H is a
quasi-simple group. Now let S be the associated simple group to H . So Z(H) ⊆ M(S), where M(S) is
the Schur multiplier of S . Since S is one of the simple groups appearing in the list of Theorem 5, one
can easily check that M(S) has order 1, 2, 6 or 48, by using [4]. So we get a contradiction by the fact
that |H| = |S| divides |M(S)|. 
Now using Theorem 6, we can deduce our main result.
Proof of Theorem A. We know that H is nilpotent by Theorem 6. If H is not abelian, then by applying
Theorem 1, we have that H/(Z(G)∩ H) is a q-group for some prime q and then the result follows. 
In the following we show that the main theorem of [1] can be deduced as a corollary of Theorem 6.
Corollary 7. Suppose that N is a normal subgroup of a group G, such that the size of any G-conjugacy class
contained in N is 1 or m. Then N is nilpotent.
Proof. It is a particular case of Theorem A, by just taking one prime p not dividing the order of G . 
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